We review the definition of D-rings introduced by H. Gunji & D. L. MacQuillan. We provide an alternative characterization for such rings that allows us to give an elementary proof of that a ring of algebraic integers is a D-ring. Moreover, we give a characterization for D-rings that are also unique factorization domains to determine divisibility of polynomials using polynomial evaluations.
Definition 1.1. Let R be an integral domain. R is a D-ring if given polynomials f (x) and g(x) with coefficients in R such that for almost all k ∈ R, g(k)|f (k) then
, where K is the field of fractions of R.
Fields cannot be D-rings: if F is a field, trivially k|1 for all nonzero element k ∈ F but 1 x ∈ F [x] . From now on, we always assume all the rings are commutative with identity.
Let R be a ring. For any polynomial f (x) ∈ R[x] denote S(f ) the set of all nonzero prime ideals p of R such that the congruence f (x) ≡ 0 mod p is solvable in R, i.e. there exists k ∈ R such that f (k) ∈ p. In particular, if c ∈ R, S(c) is precisely the set of prime ideals of R that contain c.
Proposition 1.2. Let R be an integral domain and R
× the multiplicative group of R . The following properties are equivalent:
(ii) Every polynomial over R which satisfies f (k) ∈ R × for almost all k ∈ R must be a constant.
(iv) For any nonconstant polynomial f (x) ∈ R[x] and any non-zero c ∈ R, the set S(f ) − S(c) is infinite.
Proof. See [1, Prop 1, pg 290] .
As a consequence of Proposition 1.2, the ring Z[W ] where W = {1/p : p is prime and p ≡ 1 mod 4 or p = 2} is not a D-ring using the nonconstant polynomial f (x) = x 2 + 1 and the fact that for all
We review the definition of algebraic integers. Let R be a subring of a ring L. An element α ∈ L is integral over R if there exists a monic polynomial f (x) ∈ R[x] such that f (α) = 0. In particular, when R = Z, the element α is said to be an algebraic integer in L. It is well-known that the set B consisting of all the elements that are integral over R is a ring which is called the integral closure of R in L. In particular, if R = Z and L is a field containing Z, the integral closure of Z in L is called the ring of integers of L, and we denote this ring by O L . For example, let d be a square-free integer and consider Q(
We say that an integral domain R is integrally closed if R is equal to its integral closure in its field of fractions. For example, the integral closure of Z in Q is itself, which implies that Z is integrally closed.
It is stated in [1, Cor 1, pg 293] that the following result is a direct consequence of Proposition 1.2.
We provide in the following section we prove that Z is a D-ring (see Lemma 2.2). Then we can see that Proposition 1.3 is actually a consequence of the following result.
Proposition 1.4. Let R be an integrally closed domain and K be its ring of fractions. Let K ⊆ L be a finite Galois extension of fields and let
In the following section we provide an elementary proof of Proposition 1.4 which proves Proposition 1.3 without using Proposition 1.2.
Alternative Characterizations of D-rings Proposition 2.1. Let R be an integral domain and let K be its field of fractions. R is a D-ring if and only if for given polynomials
. Suppose deg g ≤ deg βf and let g(x) = a n x n + · · · + a 0 . By the division algorithm there exist q(x), r(x) ∈ K[x] and s ∈ Z + such that a s n βf (x) = g(x)q(x)+r(x), with r(x) = 0 or deg r < deg g. Let α = a s n β and suppose that deg r < deg g. Therefore for all k ∈ R with g(k) = 0 we have both g(k)|αf (k) and g(k)|g(k)q(k), implying g(k)|r(k). Using the hypothesis for the polynomials g(x) and r(x) we obtain r(x) = 0 or deg r ≥ deg g. Therefore r(x) = 0 and hence αf (x) = g(x)q(x). It follows that
. In others words, R is a D-ring.
such that f (x) = 0 and deg g = n > deg f . Without loss of generality, assume a n , b m > 0. Then we can find k ∈ Z large enough such that g(k) = 0 and a n k
This proves the first conclusion of Lemma 2.2 by contradiction. The second conclusion follows from Proposition 2.1
Proposition 2.3. Let R be an integral domain and K be its field of fractions. Assume that K ⊆ L is a finite Galois extension of fields and let
For a proof of Proposition 2.3 see for example [2, Prop 2.19] . Let R, K, L and C as in the hypothesis of Proposition 2.3. Assume that
and σ ∈ Gal(L/K) are arbitrary and let
Lemma 2.4. Let R, K, L and C as in the hypothesis of Proposition 2.3 and let
Proof. Statements (i) and (ii) follow directly from the definition of
Using properties of divisibility together with Lemma 2.4 we obtain
. We have proved that for every b ∈ R, (G(b) = 0 ⇒ G(b)|F (b)). Using Proposition 2.1, we obtain that either deg G ≤ deg F or F (x) = 0. Using Lemma 2.4 we obtain deg g ≤ deg f or f (x) = 0. It follows from Proposition 2.1 that C is a D-ring.
It is clear that Proposition 1.3 follows directly from Proposition 1.4 together with Lemma 2.2.
In the following, we give a characterization of D-rings that are also unique factorization domains.
Let R be a unique factorization domain. For all p(x) ∈ R[x] we denote by C(p(x)) the content of p(x), i.e. the greatest common divisor of the coefficients of p(x). Remember that p(x) ∈ R[x] is said to be primitive if C(p(x)) is a unit. Gauss' lemma states that the product of two primitive polynomials over a unique factorization domain is also primitive. This implies that if f (x), g(x) and h(x) are polynomials in R[x] with g(x) primitive and mh(x) = f (x)g(x) for some m ∈ R, there exists a polynomial q(x) ∈ R[x] such that f (x) = mq(x). 
with g(x) nonconstant primitive such that for all k ∈ R, g(k) = 0 ⇒ g(k)|f (k). It is clear that for almost all k ∈ R, g(k)|f (k). Since R is a D-ring we have that This implies that for all a ∈ Z with p n (a) = 0 then p n (a)|q 2n (a). Can we deduce p n (x)|q 2n (x) as polynomials? We can check this for example when n = 4: note that q 8 (x) = 128x 7 − 192x 5 + 80x 3 − 8x = 8x(2x 2 − 1)(8x 4 − 8x 2 + 1) and p 4 (x) = 8x 4 − 8x 2 + 1 which clearly shows p 4 (x)|q 8 (x). It is straightforward to prove that for all n ≥ 1 the polynomials p n (x) are primitive with deg p n ≥ 1. It follows from Proposition 2.5 that for all n ≥ 1, p n (x)|q 2n (x).
